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ABSTRACT
We analytically calculate the star formation efficiency and dense gas fraction in the presence of self-
gravitating super-Alfve´nic turbulence using the model of Burkhart (2018) which employs a piecewise
lognormal and power law density PDF. We show that the PDF transition density between lognormal
and power law forms is a mathematically motivated critical density and can be physically related to the
density where the Jeans length is comparable to the sonic length, i.e. the post-shock critical density
for collapse. When the PDF transition density is taken as the critical density, the star formation
efficiency () and depletion time (tdepl) can be calculated from the dense self-gravitating gas faction
represented as the fraction of gas in the PDF power law tail. We minimize the number of free
parameters in the expressions for  and tdepl by removing the parameterized critical density criterion
for collapse and thus provide a more direct pathway for comparison with observations. We test the
analytic predictions for the transition density and dense gas fraction against AREPO moving mesh
gravoturbulent simulations and find good agreement. We predict that, when gravity dominates the
density distribution in the star forming gas, the star formation efficiency and depletion time should be
weakly anti-correlated with the sonic Mach number. The star formation efficiency and depletion time
depend primarily on the slope of the power law tail, which directly quantifies the fraction of dense
self-gravitating gas and the feedback efficiency. Our model prediction is in agreement with recent
observations, such as the M51 PdBI Arcsecond Whirlpool Survey (PAWS).
Subject headings: galaxies: star formation, magnetohydrodynamics: MHD
1. INTRODUCTION
Star formation in galaxies depends on the complex re-
lationship between gravity, magnetic fields, feedback and
partially ionized fluid motions. Turbulence and magnetic
fields contribute to the overall inefficiency of galaxies to
convert gas into stars, however an exact theoretical de-
scription of how these processes connect to the observed
star formation rates in galaxies and the initial mass func-
tion (IMF) remains mysterious (Krumholz 2014a). Nev-
ertheless, observational studies indicate that the most
important factor for predicting star formation rates in
galaxies is the amount of dense gas which can become
gravitationally unstable to collapse (Lada et al. 2010,
2012).
How does diffuse stable molecular and atomic gas in
galaxies become dense and collapse to form stars? Most
analytic star formation theories rely on supersonic tur-
bulence to produce gravitationally unstable density fluc-
tuations as well as set the overall fraction of dense
star formation gas. The density distribution expected
for supersonic magnetized isothermal turbulence is a
lognormal (Vazquez-Semadeni 1994; Vazquez-Semadeni
et al. 1995; Padoan et al. 1997; Scalo et al. 1998;
Kravtsov 2003; Robertson & Kravtsov 2008; Hennebelle
& Chabrier 2008; Price & Federrath 2010; Collins et al.
2012; Burkhart & Lazarian 2012; Hopkins 2013; Walch
et al. 2013)
pLN (s) =
1√
2piσ2s
exp
(
− (s− s0)
2
2σ2s
)
, (1)
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expressed in terms of the logarithmic density,
s ≡ ln (ρ/ρ0) . (2)
and where σs is the standard deviation of the lognormal.
The quantities ρ0 and s0 denote the mean density and
mean logarithmic density, the latter of which is related
to σs by
s0 = −1
2
σ2s (3)
Deviations from lognormal are expected for different
equations of state (Federrath & Banerjee 2015), but
for isothermal turbulence the width of the lognormal
is given by the turbulence sonic Mach number Ms =
vrms,3D/cs (Krumholz & McKee 2005; Federrath et al.
2008; Burkhart et al. 2009), which depends on the rms
velocity dispersion (vrms), the sound speed (cs) and tur-
bulence driving parameter b:
σ2s = ln[1 + b
2M2s ] (4)
Most previous analytic calculations for the star forma-
tion rate have all hinged on the form of the density PDF
being fully lognormal (Krumholz & McKee 2005; Padoan
& Nordlund 2011; Hennebelle & Chabrier 2011; Feder-
rath & Klessen 2012; Renaud et al. 2012; Hopkins 2012b;
Gribel et al. 2017). These works calculate the SFR by
integrating the lognormal PDF from a critical density
for collapse, which varies for different authors. In these
works, the SFR depends on the exact choice of a number
of parameters of order unity and the width of the log-
normal PDF (e.g. given by Equation 4). In most cases,
the expected dependence of the star formation rate per
free fall time (SFRff) on the sonic Mach number is that
the SFRff should increase with increasing Ms or increas-
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ing compression factor (b) because higher Mach number
implies stronger local compression (Padoan & Nordlund
2011; Hennebelle & Chabrier 2011; Federrath & Klessen
2012). The exception to this is the Krumholz & McKee
(2005) formalism for low viral parameters (αvir) where
SFRff stays constant with larger sonic Mach number (See
Figure 1 of Federrath & Klessen (2012)). Recent ob-
servations have shown that the star formation efficiency
per free fall time ff may be anti-correlated with sonic
Mach number, which is in tension with the above theo-
ries (Leroy et al. 2017).
Recent observational and numerical work has deter-
mined that the dense gas in molecular clouds is predom-
inately found to have a power law PDF rather than a
lognormal form (Kritsuk et al. 2011; Collins et al. 2012;
Girichidis et al. 2014; Myers 2015; Lombardi et al. 2015;
Burkhart et al. 2017; Mocz et al. 2017; Padoan et al.
2017; Myers 2017; Chen et al. 2017; Alves et al. 2017).
Observational studies in particular have been instrumen-
tal in dissecting the density distribution in and around
giant molecular clouds (GMCs) and have confirmed that
the highest column density regime (corresponding to vi-
sual extinction AV > 1) of the PDF often has a power
law distribution while the lower column density mate-
rial in the PDF (traced by diffuse molecular and atomic
gas) is well-described by a lognormal form (Wada & Nor-
man 2007; Kainulainen et al. 2009; Lombardi et al. 2010;
Schneider et al. 2015a,b; Kainulainen & Tan 2013; Hen-
nebelle et al. 2011; Federrath & Klessen 2012; Kainu-
lainen et al. 2014; Stutz & Kainulainen 2015; Lombardi
et al. 2015; Burkhart et al. 2015c; Imara & Burkhart
2016; Bialy et al. 2017; Chen et al. 2017; Kainulainen
& Federrath 2017). In this paper we calculate the star
formation efficiency based on the formalism first pre-
sented in Burkhart (2018), where the PDF was consid-
ered as a piecewise lognormal and power law with the
transition happening at an analytically determined tran-
sitional density, which was derived and tested in a series
of observational and numerical works (Collins et al. 2012;
Burkhart et al. 2015a, 2017; Chen et al. 2017). Burkhart
(2018) considered a molecular cloud which was undergo-
ing collapse in the very initial stages of star formation,
i.e. within the first cloud mean free fall time. There
the star formation rate was found to rapidly accelerate
past the predictions for the lognormal only density PDF
calculation, again in agreement with numerical and ob-
servational works. The power law slope shallows signifi-
cantly in less than the mean free fall time, while the life-
times of GMCs are typically between 2-10 free fall times
(Meidt et al. 2015). Therefore, the power law portion
of the PDF can not be ignored in the SFR calculation
(Burkhart 2018) and is related to the observed accel-
erated rates of star formation (Murray 2011; Lee et al.
2015, 2016). Girichidis et al. (2014) and Guszejnov et al.
(2017) found analytically that for collapsing clouds the
power law slope of the density PDF should saturate to
values between α =1-1.5 which was also confirmed by
numerical studies without feedback (Collins et al. 2012;
Lee et al. 2015; Burkhart et al. 2015a; Mocz et al. 2017).
However, the picture is complicated by influence of stel-
lar feedback, which will steepen the power law slope and
reduce the overall star formation efficiency (Federrath
2015; Federrath et al. 2016).
In this paper, we will show how the use of the PDF
transitional density allows us to largely eliminate a pa-
rameterized critical density. This allows for a calculation
of the dense gas fraction, star formation efficiency and
gas depletion time which can more readily be compared
with observations. This paper is organized as follows: In
Section 2 we review the piecewise lognormal and power
law transition density calculation and derive the normal-
ization shift density for situations which require mass
conservation, e.g. as is the case with most turbulent box
simulations. In Section 3 we show that the PDF transi-
tion density between lognormal and power law forms is
a mathematically motivated critical density and can be
physically related to the density where the Jeans length
is comparable to the sonic length, i.e. the post-shock
critical density for collapse, within the first cloud free
fall time. We test these results with AREPO gravotur-
bulent simulations with different sonic Mach numbers.
In Section 4 we use the star formation rate model of
Burkhart (2018) to calculate the dense gas fraction for
active star forming clouds. We use this analytic form
for the dense gas fraction to compute the star formation
efficiency. In Section 4.2 we compare the model SFE to
observations from the PdBI Arcsecond Whirlpool Survey
(PAWS, Schinnerer et al. (2013)), which include CO de-
rived velocity dispersion information. This allows us to
test a number of predictions, namely that the star forma-
tion efficiency is slightly anti-correlated with sonic Mach
number for actively star forming GMCs with power law
PDFs. In Section 5 we discuss our results followed by
our conclusions in Section 6.
2. THE FORM OF THE DENSITY PDF IN A
GRAVOTURBULENT MEDIUM
We now consider a piecewise form of the density PDF
in and around a star forming molecular cloud that con-
sists of a lognormal at low density, a power law at high
density and a transition point (st = ln(ρt/ρ0)) between
the two (Collins et al. 2012; Burkhart et al. 2015a, 2017;
Burkhart 2018).
pLN+PL(s) =
N 1√2piσs e
−(s−s0)2
2σ2s , s < st
NCe−αs, s > st,
(5)
where s0 = − 12 σ2s and α > 0.
Here the normalization N is determined by the nor-
malization requirement: N
∫∞
−∞ pLN+PL(s)ds = 1, and
is given by
N =
(
Ce−stα
α
+
1
2
+
1
2
erf
(
2st + σ
2
s
2
√
2σs
))−1
(6)
Assuming that pLN+PL(s) is continuous and differen-
tiable we can formulate an analytic estimate for C and
st. These two conditions yield:
st = (α− 1/2)σ2s (7)
And the amplitude of the powerlaw:
C =
e(α−1)ασ
2
s/2
σs
√
2pi
(8)
The transition density st value between the lognormal
and power law PDFs depends on the slope of the power
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Ms=2 Ms=5
Ms=7 Ms=10
Ln ϱ/ϱ0 Ln ϱ/ϱ0 
Ln ϱt/ϱ0=0.7 Ln ϱt/ϱ0=2 
Ln ϱt/ϱ0=2.6 Ln ϱt/ϱ0=3.3 
𝜶~1.5
𝜶~1.5
𝜶~1.5
𝜶~1.5
Fig. 1.— Four piecewise lognormal plus power law models (Equation 5) with different sonic Mach numbers in each panel. The Sonic
Mach number controls the width of the lognormal, with large sonic Mach number corresponding to larger width of the PDF (Equation 4).
Each panel has a power law slope of α = 1.5, which is expected for strongly self-gravitating high density regions. The red box outlines all
the density past the transition density (Equation 7, denoted by red dot and black vertical line) which is the dense self-gravitating gas. Gas
above the transition density in the lognormal is diffuse and potentially unbound (Chen et al. 2017). The value of the transition density
(denoted in each panel) is self-consistently determined by the properties of the PDF, namely the slope of the power law and the width of
the lognormal.
law and the width of the lognormal. As α shallows (i.e.
becomes less steep), the transition density (st) between
the PDF lognormal and power law moves towards lower
density (Equation 7).
We pause here to discuss the physical meaning of the
power law slope in the context of the piecewise PDF and
the transition density. The transitional density between
the power law and lognormal portions of the density PDF
derived above requires no physics what-so-ever. It is
mathematically determined by continuity and differen-
tiability of the density PDF. However, the physics enters
the transitional density based on our understanding of
what processes set the PDF width and the slope of the
power law tail. As discussed in the previous section, the
relevant physics is the interplay between turbulence and
gravity. As we will show in the next section the PDF
transition density can be analytically related to the post-
shock density as the critical density for collapse.
Numerical simulations of gravoturbulence suggest that
the PDF of non-collapsing regions retrain the characteris-
tics of the initial supersonic turbulence field (e.g. remain
in the lognormal) while the density PDFs of collapsing
regions show a clear power law at high density (Kritsuk
et al. 2011; Collins et al. 2012; Lee et al. 2015; Mocz
et al. 2017). Once the critical density for gravitational
collapse is reached the power law begins to form. The
characteristic slope of that power law changes in roughly
𝜶=1.5
𝜶=1.6
𝜶=1.8
𝜶=2.0
Fig. 2.— The density shift vs. sonic Mach number as given
by Equations 4 and 9. Different values of the power law slope are
shown in different colored lines with labels on the far right side
of the plot. The PDF of a gravoturbulent medium saturates to
α ≈ 1.5, which we indicate with the dashed line. At later stages in
the cloud evolution, feedback may steepen the PDF slope again.
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the cloud mean free fall time from steep, α ≈ 3, to shal-
low values, α ≈1.5-1 (Girichidis et al. 2014; Burkhart
et al. 2017; Guszejnov et al. 2017). The overall average
value of α depends on the strength of the magnetic field
(Burkhart et al. 2015a) and the efficiency of feedback
(Federrath 2015; Padoan et al. 2017). We also point out
that gas with a spherical density profile of ρ ∝ r−3/α
has a corresponding PDF for s which is a powerlaw that
scales as e−αs. Hence, a powerlaw distribution of gas
with α = 1.5 is consistent with all the high density gas
having collapsed into isothermal cores: ρ ∝ r−2 (Shu
1977).
An additional important point to stress is that as the
sonic Mach number and/or the compressibility of the
medium increases, st moves towards higher density since
the PDF widens. This implies there is more unbound
material overall when the power law tail is included for
a cloud with given mean density 3. We illustrate the
change of the power law slope and transitional density in
Figure 1. Comparing the top left panel with Ms = 2 to
the bottom right panel with Ms = 10 shows this effect.
Finally, we note that the PDF of Eqn. 5 has been nor-
malized to a pre-collapse reference density ρ0, and pre-
dicts that the average density in a collapsing region grows
with time as α flattens. This may indeed be the case for
situations which allow for mass accretion onto GMCs.
Mass accretion from the diffuse atomic envelop can pro-
vide a continuous supply of gas (Burkert 2017) which can
increase the mean density. However, many numerical box
simulations use the condition of mass conservation and
therefore the density shift can become important as ma-
terial is funneled from the diffuse lognormal portion of
the PDF to grow the power law.
To instead renormalize the PDF to the average density
inside a volume, a density shift (ss) needs to be applied
to obtain snew. The density normalization condition is
given as:
∫∞
−∞ exp(s)p(s)ds = 1 which results in the den-
sities being shifted snew ← s− ss: by
ss = log
(
est(1−α)NC
α− 1 +
N
2
erfc
(
σ2s − 2st
2
√
2σs
))
(9)
We plot the shift density as a function of sonic Mach
number (i.e. through the width of the PDF as given
by Equation 4) in Figure 2 for different values of PDF
power law slope (α). The shift is small until α < 1.5.
We will use the shift density when applying the model to
the AREPO simulations, which conserve mass.
3. THE PDF TRANSITION DENSITY AS A
GRAVOTURBULENT CRITICAL DENSITY
Here we provide a general overview of the post-shock
critical density for gravitational collapse in a turbulent
medium based on the presentation in Krumholz et al.
(2005) and Padoan & Nordlund (2011) and its relation
to the transition density given in Burkhart et al. (2017).
3 Despite the different form of the PDF used, this is also the
case in the model of Krumholz & McKee (2005). Increasing Ms
increases the critical density for collapse and raises the over-density
that the gas must reach to collapse. At the same time, how-
ever, increasing the sonic Mach number increases the width of the
probability distribution function, putting a larger fraction of the
gas at high over-density. These two effects produce a slight anti-
correlation with Mach number, similar to the model presented in
Section 4, despite the different PDF forms used.
We will show how this critical density, based on the post-
shock density, can be related to the transitional density
between the lognormal and power law portions of the
density PDF.
Supersonic turbulence in the ISM produces a cascade of
energy that proceeds from parsec scales (or larger). One
consequence of this energy cascade is the line-width-size
relation (Larson 1981; Solomon et al. 1987; Ossenkopf
& Mac Low 2002; Heyer & Brunt 2004; Wu et al. 2010;
Wong et al. 2011; Barnes et al. 2011; Shetty et al. 2011;
Hopkins 2012a; Kritsuk et al. 2013), in which the tur-
bulent velocity dispersion σl computed over a volume of
characteristic length l increases with l as σl ∝ l0.5 and
can extend more than three orders of magnitude in length
(Ossenkopf & Mac Low 2002). As the velocity disper-
sion becomes increasingly damped as one goes to smaller
scales within the turbulent cloud, there will be a scale
at which the turbulence will transition from supersonic
to subsonic, i.e., the sonic scale (λs) (Va´zquez-Semadeni
et al. 2003). At this point, the linewidth size relation
can shallow to the subsonic relationship: σl ∝ l1/3 and
flatten further as turbulence is significantly damped and
gravity takes over the dynamics of the infalling gas.
We define the sonic scale in a similar way as in
Va´zquez-Semadeni et al. (2003) and Krumholz & McKee
(2005): let σl be the one-dimensional velocity dispersion
computed over a sphere of diameter l within a turbulent
medium. λs is defined as the length l such that σl = cs,
where cs is the isothermal sound speed in the region.
The linewidth-size relation can be normalized in terms
of the sonic length:
σl = cs
(
l
λs
)p
. (10)
For supersonic turbulence p = 0.5 and we can then
write the sonic scale as:
λs =
(
Lcloud
M2s
)
(11)
The other length scale of interest in a collapsing tur-
bulent cloud is the Jeans length (λJ), which enters into
the calculation of the classical Bonnor-Ebert core, i.e.,
largest mass that an isothermal gas sphere embedded in
a pressurized medium can have while still remaining in
hydrostatic equilibrium (Ebert 1955; Bonnor 1956):
MBE = 1.18
c3s√
G3ρ
(12)
=
1.18
pi3/2
ρλ3J. (13)
Where λJ is:
λJ =
√
pic2s
Gρ
, (14)
and cs is the sound speed and ρ is the density. The Jeans
length is therefore the critical radius of a cloud where
thermal energy is counteracted by gravity.
The Bonnor-Ebert gravitational potential energy is
UBE = −3
5
a
GM2BE
RBE
= −1.06 c
5
s
G3/2ρ1/2
. (15)
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Here a = 1.22 is a geometric factor set by the sphere’s
mass distribution (McKee & Holliman 1999; Krumholz
& McKee 2005).
Using the linewidth-size relation (Eq. 10), the average
turbulent kinetic energy at the scale of the Bonnor-Ebert
sphere is:
KEturb,BE =
3
2
MBE σ
2 (2RBE) (16)
∼0.89
(
λJ
λs
)
|UBE | , (17)
for p = 0.5.
We now stress the importance of the above result. As
discussed in Krumholz & McKee (2005), if λJ ≤ λs,
gravity is approximately balanced by thermal plus turbu-
lent pressure, and the object is at best marginally stable
against collapse 4. If λJ  λs, turbulent kinetic energy
greatly exceeds both gravitational potential energy and
thermal energy, and the object is stable against collapse.
Since λJ is a function of the local density, the condi-
tion λJ ≤ λs for collapse translates into a minimum local
density required for collapse (in the absence of magnetic
fields).
ρcrit =
pic2sM
4
s
GL2cloud
(18)
We pause to consider some fiducial values for the crit-
ical density:
ρcrit = 1.3× 105
( cs
0.2kms−1
)2(Ms
10
)4(
10pc
Lcloud
)2
cm−3
(19)
For a sound speed of cs = 0.2 km s
−1 and a range of
Ms = 6−10 and Lcloud = 5−10 pc, we expect the critical
density to be ρcrit ≈ 2×104−1.3×105 cm−3 over a length
scale of λs ∼ λJ = 0.05 − 0.3 pc, which is the typical
width of observed molecular cloud filaments (Arzouma-
nian et al. 2011; Federrath 2015; Panopoulou et al. 2017).
These densities also provide a typical Bonnor-Ebert Mass
of around a solar mass.
The critical density can be re-written in terms of the
mean density, sonic Mach number and Virial parameter5:
ρcrit/ρ0 = exp(scrit) =
pi2
15
αvirM
2
s (20)
where constants included here arise from presuming a
spherical volume with the radius being half the cloud
length scale. with αvir defined as:
αvir =
5v2LR
GM
(21)
For molecular clouds, the typical virial parameters are
low such that αvir is of order unity (McKee & Tan 2003;
4 This will depend also on the strength of the magnetic pressure.
Here we assume that the magnetic field is dynamically unimportant
relative to turbulence and gravity. In other-words, the cloud is
magnetically super-critical and super-Alfve´nic.
5 The critical density derived in Padoan & Nordlund (2011) has
a similar form to that of Krumholz & McKee (2005) but is derived
by comparing the Bonner-Ebert mass to the mass enclosed in a
spherical region of density equal to the post shock density.
Kauffmann et al. 2013). Therefore:
ρcrit/ρ0 ≈ ρps/ρ0 ≈M2s , (22)
Thus for αvir ≈ 1 (i.e. for so-called virialized clouds)
the critical density is comparable to the hydrodynamic
post-shock density (ρps), within a factor of a few. The
physical meaning of this density is that the thermal pres-
sure is comparable to the mean turbulent pressure in
the cloud, Pturb. Theses regions no longer experience
enough thermal or turbulent pressure support to prevent
collapse.
We can now relate the critical density for collapse to
the transitional density between lognormal and powerlaw
PDFs.
Recall:
st = (α− 1/2)σ2s . (23)
In less than a cloud free fall time, α ≈ 1.5, which is
confirmed by both analytic and numerical works (Collins
et al. 2012; Girichidis et al. 2014; Guszejnov et al. 2017).
Therefore, with α = 1.5, αvir ≈ 1, the PDF transitional
density can be expressed as:
st = σ
2
s (24)
A PDF width-Mach number relation, e.g. Equation 4,
provides a direct link to a mathematically derived tran-
sition density and the physics of the critical density. If
Equation 4 is used then:
st = (α− 1/2)ln
(
1 + b2
15ρcrit
pi2αvirρ0
)
(25)
What is the observed critical density for collapse and
how does it relate to Equation 25? The critical density
was observationally determined by Lada et al. (2010) to
be ρcrit ≈ 104cm−3 and by Evans et al. (2014) to be
6.1 ± 4.4 × 103 cm−3. Kainulainen et al. (2014) found
similar values for clouds on the verge of forming stars.
In addition to measuring the critical density, Kainulainen
et al. (2014) and Kainulainen & Federrath (2017) pub-
lished values of the sonic Mach numbers, cloud mean
densities, and PDF power law tail slopes. Using these
values (e.g. Tables S1 and 1 of (Kainulainen et al. 2014)
and (Kainulainen & Federrath 2017))), we calculate the
expected post shock density (Equation 22) and predicted
transition density st (using the b=0.5 and the observed
sonic Mach number) to determine the PDF width6 via
Equation 4 and present the results in Figure 3. We over-
plot a shaded horizontal box showing the approximate
critical density derived from observational studies (Lada
et al. 2010; Evans et al. 2014; Kainulainen et al. 2014).
Kainulainen et al. (2014) used YSO counts to deter-
mine a observational critical density of scrit ≈ 4, which
is in rough agreement with the prediction of Equation
22 for clouds with Ms ≈ 7 − 14. In general, the post
shock density shows good correspondence to the critical
density, scrit = 3.4 − 4.6 (Lada et al. 2010; Kainulainen
et al. 2014; Evans et al. 2014), despite the unknown virial
parameter and magnetic state of the clouds. For shallow
6 The PDF widths derived in (Kainulainen & Federrath 2017)
are overestimated in the context of the model presented here since
they fit a single lognormal PDF rather than a lognormal + power-
law PDF.
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power law slopes (x-axis values near α = 1.9−1.3, boxed
in black) the PDF transition density (colored points)
also shows good correspondence to the critical density
and post-shock density, as expected from simulations
(Burkhart et al. 2015a; Burkert 2017; Mocz et al. 2017;
Chen et al. 2017) and described by Equation 25. The
relationship between MHD shock structure and the col-
lapse is explored further in our companion paper, Mocz
& Burkhart (2018).
3.1. The critical density for collapse and PDF
transition density in AREPO gravoturbulent
Simulations.
We now test the above claims for relationship between
a critical density for collapse and the model density
PDF against gravoturbulent simulations without mag-
netic fields. In particular, we use the AREPO moving
mesh code to perform numerical experiments similar to
Mocz et al. (2017). We identify the transition density and
calculate the collapsed dense gas fraction over a free-fall
time in Arepo simulations of self-gravitating turbulence.
We drive solenoidal turbulence (b = 1/3) at sonic Mach
numbersMs = 5, 10, 16, in the absence of magnetic fields,
which generates the well-known log-normal density dis-
tribution described by Equation 1. Self-gravity is then
turned on, and the cloud is now also characterized by
the virial parameter, with value αvir = 1. Collapse leads
to the development of a growing power-law tail in the
density distribution.
The transition density is identified in the resulting
PDF as a function of time (i.e as a function of α). To
compare the model with the simulation data, we apply
the shift in the normalization of the PDF (Equation 9)
to renormalize the simulation PDFs. The transition den-
sities are calculated from the simulations as the density
threshold that gives the predicted dense gas fraction by
the model. Figure 4 shows an example from one of
our numerical simulations with Ms = 5 highlighting the
fact that the gas density PDF is in fact continuous and
that the transition density st we have defined is in good
agreement with the numerical simulations. For compari-
son, the critical density at which the background level of
turbulent pressure is sub-dominant to the gas pressure
(ρ0M
2
s /3) (Krumholz & McKee 2005; Li et al. 2015) is
also shown, which occurs above st, as predicted in Equa-
tion 25.
The observed transition density in the simulations are
included as simulation points in Figure 5, which match
the analytic values closely. We also include in the plot
the predicted dense gas fraction as calculated by tak-
ing the fraction of gas above the theoretically predicted
transition density (see next Section).
The PDF transition density is therefore analogous to
the critical density of collapse (Burkhart et al. 2017).
The consequence of this relationship is that, for most ac-
tively star formation clouds with strong power law tails,
one may reduce the star formation rate calculation to a
integral over the power law material only. We discuss
this calculation in the next section.
4. THE DENSE GAS FRACTION AND STAR FORMATION
LAW
In the last section we motived the use of the PDF
transition density as a critical density for star formation.
This is further validated by recent observations of atomic
gas and diffuse molecular gas in and around GMCs which
has revealed that this diffuse material builds the lognor-
mal form of the PDF while only dense molecular gas
(traced by dust extinction/emission or HCN) resides in
the power law (Burkhart et al. 2015c; Schneider et al.
2015a; Imara & Burkhart 2016; Bialy et al. 2017; Lom-
bardi et al. 2015; Alves et al. 2017). A study by Chen
et al. (2017) verified that gas with low virial parame-
ter resides primarily in the power law portion of the gas
PDF.
In what follows, we consider all the gas above the tran-
sitional density in the power law portion of the density
PDF to be “dense self-gravitating gas” and all the gas in
the lognormal portion to be “diffuse unbound molecular
gas”. The predicted dense self-gravitating gas fraction
(fdense) can then be related to a star formation efficiency.
fdense tells us the overall fraction of gas mass available for
star formation at a given time based on the slope of the
density PDF and the cloud environment (i.e. turbulence
properties).
We write the dense self-gravitating gas fraction as:
fdense ≡ MPL
MLN +MPL
(26)
or, more explicitly in terms of the density PDF:
fdense =
∫ ∞
st
exp(s)PPL(s) ds∫ st
−∞
exp(s)PLN(s) ds +
∫ ∞
st
exp(s)PPL(s) ds
(27)
which evaluates to:
fdense =
Ce(1−α)st
α−1
2
(
1 + erf
(
2st−σ2s
2
√
2σs
))
+ Ce(1−α)st
(28)
Combining Equations 7 with 28 we have:
fdense(α, σs) =
Ceσ
2
s(1−α)(α−1/2)
α−1
2 (1 + erf (z)) + Ce
σ2s(α−1/2)(1−α)
(29)
where z =
2σ2s(α−1/2)−σ2s
2
√
2σs
The fraction of gas in the power law tail is therefore
dependent only on the width of the lognormal and the
slope of the power law tail. It is very important to note
that to derive the dense gas fraction relationship there
is no need to invoke a critical density of collapse. The
transitional density between lognormal and powerlaw is
determined solely by the properties of the density PDF
itself.
Now we add turbulence to this model. Recall Equation
4 which states that the width of the lognormal is related
to the sonic Mach number and ratio of compressible to
solenoidal forcing. We plot fdense vs. Ms in Figure 5.
When the dense self-gravitating gas is in the power-law
the observed gas fraction is slightly anti-correlated with
sonic Mach number. This is because st moves towards
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Fig. 3.— The post shock density vs. power law slope for a number of observed GMCs. The normalized post-shock density is derived
from Equation 22 using values of the sonic Mach number and mean density from Kainulainen et al. (2014) and Kainulainen & Federrath
(2017). Kainulainen et al. (2014) reported values of the radial density distribution slope (κ), which can be related to the power law slope
as α = 3/κ. We find good correspondence between the post shock density (y-axis) and the observational reported values of the critical
density for collapse (scrit ≈ 3.4− 4.6, shade box) suggesting that the post-shock density is a reasonable indicator for collapse. We compute
the expected transition density for each cloud based on Equation 7, as indicated in the color bar. σs is based on the measured sonic Mach
number and an assumed b=0.5. As expected from Equation 25, st ≤ sps ≈ scrit in the limit of α ≈ 2− 1.5. In this plot we assume b=0.5,
however with accurate measurement of the transition density the exact value of b can be determined.
higher values with large sonic Mach number (PDF width)
and there is less density in the power law portion of the
PDF.
4.1. The Star Formation Law Based on Self-Gravitating
Dense Gas Fraction
The dense gas fraction derived in the previous section
represents the fraction of self-gravitating gas which is
available for star formation. Some fraction of this gas
will be expelled due to feedback. Therefore we can define
the integrated star formation efficiency as:
 ≡ M∗
Mgas +M∗
≡ 0fdense (30)
With Mgas = MLN + MPL being the total gas in and
around the molecular cloud which comprises the diffuse
lognormal and dense power-law portions of the gas PDF
and M∗ is the final mass in stars.
0 is a parameter that accounts for the fact that feed-
back will expel some fraction of the star forming self-
gravitating gas and is defined as:
0 =
M∗
MPL
fgas (31)
Where fgas =
Mgas
M∗+Mgas
is the total gas fraction (gas to
stars). Feedback may also steepen the slope of the den-
sity PDF power law tail as gas is expelled from star form-
ing regions and is not longer in a state of collapse.
Equation 30 is the star formation efficiency integrated
over the cloud’s star forming lifetime7. The star forma-
tion efficiency per free fall time is then:
ff ≡  tff
t∗
=
M˙∗tff
M∗ +Mgas
= 0fdense
tff
t∗
(32)
Where t∗ is the protostellar lifetime. For O stars this is
t∗ ≈ 4 Myrs. This yields a ratio of tfft∗ = 1.1− 2.3 based
on values for the free fall time compiled from Lee et al.
(2016) for ten GMC complexes (i.e. see Table 3 of Lee
et al. (2016)). For the rest of the paper we will assume
that  ≈ ff however this is likely an overestimate. Typ-
ical values of  are around 1% while ff may be higher
(Krumholz 2014b). We plan to investigate explicit time
dependence in a future work. Figure 6 shows a cartoon
7 Murray et al. (2010) and Lee et al. (2016) showed that  ≈
10−4 − 0.35, with the median <  >≈ 10−2. These values of
the integrated efficiency can be reconciled with galaxy-averaged
constraints, such as the observed Kennicutt-Schmidt star formation
law, when realizing most star formation takes place in GMCs rather
than diffuse galactic molecular gas (Faucher-Gigue`re et al. 2013)
and that GMCs may be at different evolutionary stages of their
star forming lifetimes.
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Fig. 4.— Example of the gas density PDF from our numerical simulations of turbulence that has generated an α = 1.5 powerlaw tail due
to collapse under self-gravity. The illustration is meant to highlight the importance of the transition density st identified in this work as
well as discussed in previous works (Collins et al. 2012; Burkhart et al. 2017; Burkhart 2018). The high-density end of the powerlaw takes
longer to saturate but this does not strongly affect the value of fdense, as shown in Figure 5. For comparison, the critical density at which
the background level of turbulent pressure is sub-dominant to the gas pressure (ρ0M2s /3) is also shown and is related to st analytically for
α = 1.5.
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Fig. 5.— Comparison of AREPO simulations (individual points) to the theoretical model discussed here. Top panel: The transition
density vs. sonic Mach number as given by Equation 7. As α becomes shallow the transition density moves towards lower densities which
implies more dense gravitationally bound gas. As the sonic Mach number becomes larger, the transition density moves to slightly higher
values which implies slightly less dense gravitationally bound gas. Bottom panel: Dense gas fraction vs. sonic Mach number, which reflects
the trends of the transitional density above. Both panels have b=1/3.
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Fig. 6.— Cartoon of model star formation efficiency using only the power law tail to determine the fraction of self-gravitating gas.
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illustration of the density PDF of star forming and non-
star forming gas.
We pause to point out the difference between the cal-
culation of  derived from the dense self-gravitating gas
fraction and the star formation rate per free fall cal-
culated in Paper 1 (Burkhart 2018). Burkhart (2018)
considered the initial stages of star formation in which
the distribution of density transition from diffuse tur-
bulent molecular gas to self-gravitating dense molecu-
lar gas. This transition begins to occur once the gas
reaches the aforementioned critical density for collapse
(scrit, Equation 20) and beings to form a power law tail
in the density PDF at high density. The calculation of
the star formation efficiency presented here is meaningful
only when a significant power law tail already exists, i.e.
the cloud is already actively star forming and st ≈ sc.
We therefore restrict our calculations to α < 2.
The gas depletion time is given by:
τdepl ≡ τff

(33)
We plot the depletion time in Figure 7 for a cloud free
fall time of 5.4Myrs. Typical depletion times in extra-
galactic observations are around 100Myr-1Gyr while lo-
cal measurements suggest shorter depletion times (Burk-
ert & Hartmann 2013; Leroy et al. 2017). This diversity
in depletion time is reproduced for our range of power
law slope values. Steep power laws (α = 2) may cor-
respond to a higher fraction of diffuse molecular gas.
This diffuse gas can be a significant filling fraction in
extragalactic observations with coarse telescope beams.
The model therefore predicts the longest depletion times
when the power law is steep. In the case of more dense
self-gravitating gas, α shallows and the depletion time
decrease to resolved values in Galactic clouds of sev-
eral hundred mega-years. In Figure 7 we choose to leave
0 = 1 and vary only α. We find reasonable agreement
with the observed value of 1Gyr with α = 2 without need-
ing to modify the feedback parameter. Future studies
should determine the average power law slope value over
the cloud lifetime when including feedback and gravotur-
bulence.
Perhaps the most interesting effect of Equation 33 is
the prediction that the depletion time should increase
with increasing sonic Mach number. The increase of de-
pletion time with velocity dispersion has been observed
recently in M51 from the PdBI Arcsecond Whirlpool Sur-
vey (PAWS, Schinnerer et al. (2013)). This suggests that
higher sonic Mach number also can correspond to higher
viral parameter and induces increased support in the dif-
fuse gas. This is predicted in the model presented here
but is the opposite prediction of most lognormal PDF
star formation models.
4.2. Comparison to observational datasets
In addition to the depletion time we can use the dense
gas fraction to compute the star formation law:
ΣSFR = 
Σgas
tff
(34)
and can compare the model trends with sonic Mach
number with recent observations.
Ms
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Fig. 7.— The depletion time calculated from the power law slope
PDF dense gas fraction model (Eq. 33) vs. sonic Mach number.
We assume 0 = 1 and vary the power law slope (α). All curves are
with b=1/3 and cloud mean free fall time of tff = 5.4 Myr. Diffuse
gas (steep power law slopes) has long depletion times while dense
star forming gas (shallow power law slopes) has shorter depletion
times.
We compare the model predictions with published data
from Leroy et al. (2017) on M51 from the PdBI Arcsec-
ond Whirlpool Survey (PAWS, Schinnerer et al. (2013)).
PAWS mapped CO (1-0) emission from the inner 9x6
kpc of M51 at 40 pc resolution (adopting a distance of
7.6 Mpc). At this resolution, the structure of the tur-
bulent ISM at the scale of an individual giant molecular
cloud (Hughes et al. 2013; Colombo et al. 2014) can be
partially resolved. Combining this information with in-
frared maps from Herschel and Spitzer (Kennicutt et al.
2003), Leroy et al. (2017) measured how the cloud-scale
structure of the ISM relates to M51s ability to form stars.
They found that the star formation efficiency correlates
strongly with the strength of self-gravity in agreement
with our model. The velocity dispersion is found to anti-
correlate with SFE, in contrast to lognormal turbulence
regulated star formation theories.
We plot the PAWS M51 star formation rate surface
density vs. the gas surface density divided by the free
fall time in Figure 8. Each point represents an individ-
ual 40pc region in M51 and is color-coded with its cor-
responding velocity dispersion. A clear velocity gradient
can be observed with larger velocity dispersions towards
larger values of Σgas/tff , which indicates less efficient col-
lapse.
We over plot lines of constant ff from Equation 28
for two different PDF widths (blue and red lines) which
correspond to the range of Ms and b values possible
from the CO observations. The blue line corresponds
to Ms = 20, b = 0.3. The red line corresponds to wider
PDFs (Ms = 50, b=0.7). Larger PDF width (higher
Mach number) corresponds to lower ff , in contrast to
lognormal-only turbulence SFR theories and in agree-
ment with the PAWS data. This suggests that including
the power law tail in analytic star formation calculations
is important. We choose to keep α = 2 for two reasons:
first this allows us to match the observations without the
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need to invoke the fudge-factor 0. Second the PAWS
data are CO observations which are mostly tracing dif-
fuse molecular gas. As we expect diffuse gas to mostly be
dominated by turbulence and not gravity, this would be
suggestive of a steep power law slope. We would expect
dense gas tracers to be consistent with shallower values
of α and hence larger dense gas fractions.
The PAWS data allow for constraints of the sonic Mach
number between roughly 20 and 50 given a typical CO
sound speed of cs =0.3 kms
−1. This leave the only fully
free parameters in the model the compressibility of the
turbulence (b) and the power law slope. In regards to
the feedback efficiency, this parameter is highly uncer-
tain and could depend on individual star forming envi-
ronments (e.g. strong or weak magnetic field, Hull et al.
(2017); Mocz et al. (2017)) and the stellar IMF. Feed-
back can also result in a steeper density PDF power law
slope as gas is expelled from dense star forming regions.
It is encouraging that the CO observations can be re-
produced without the 0 parameter and a α = 2. To fur-
ther test this claim, we apply a Monte Carlo approach to
Equation 28 choosing a velocity dispersion range which
matches the PAWS data (vrms ≈ 6 − 16km/s) and a
sound speed of cs,CO = 0.3km/s. We plot the PAWS ff
vs. velocity dispersion (σ) in Figure 9. The PAWS M51
data is shown in black diamonds and the analytic model
Monte-Carlo data points are colored coded by values of
α. We allow for values of α = 2.2 − 1.5, b=0.3-0.5, and
fix 0 = 1 to remove this free parameter. We find ex-
cellent agreement with the data with α = 1.9 − 2.2 and
Ms = 20 − 50. α <1.8 over-predicts the PAWS ff and
an efficiency factor would need to be used to lower the
value to match, as is often done with turbulence regu-
lated star formation models. If α = 1.5 the 0 values are
constrained between 2-8% in order to match the PAWS
data range. It is encouraging that the analytic model
allows us to remove the need for the 0 factor and use
the power law tail as an indicator of dense gas fraction
and evolutionary state. Future studies should correlate
individual regions in the PAWS survey with dense gas
fraction and measures of self-gravity with the predictions
of Figure 9.
5. DISCUSSION AND SUMMARY
5.1. Connecting theory and observation
The star formation efficiency per free fall time pre-
sented in this work is computed from the dense gas frac-
tion with free parameters being the slope of the power
law tail (α), the width of the lognormal (σs/b). These
two parameters set the self-gravitating dense gas frac-
tion, which maybe dynamic given the complicated inter-
play of stellar feedback, gravity and turbulence. Other
analytic star formation models are parameterized with
a critical density, which in turn depends on parameters
such as the virial parameter, feedback efficiency, turbu-
lence driving scale, Mach numbers, mean density and
temperature, as well as other fudge-factors of order unity.
With a number of free parameters to deal with, obser-
vations have had difficulty in confirming or disproving
such theories. The analytic and numerical realization
that clouds will develop a shallow power law tail within
a single free fall time (short compared to observed cloud
lifetimes) and estimates of the width of the PDF either
through direct measurement or velocity dispersions can
further reduce the parameterization. Dense gas tracers
should have shallow power law slopes while diffuse molec-
ular tracers (e.g. the CO example from PAWS presented
here) should show consistency with steeper slopes. Due
to the reduced number of parameters it is more straight-
forward to connect the model presented here with obser-
vations.
Observers can therefore directly test this model based
on measurements of /dense gas fraction and the PDF
power law slope or transition density. Direct mea-
surements of the density PDF width from observations
are complicated by line-of-sight-effects (Lombardi et al.
2015; Chen et al. 2017). Therefore, the connection to the
model can be made via measurements of the sonic Mach
number (velocity dispersions) and power law PDF slope.
For extra-galactic observations, such as the PAWS M51
data discussed here, the power law slope is not directly
measured. However we were still able to test basic scal-
ings of this model using CO velocity dispersion measure-
ments and measured ff . Additional observational and
numerical tests will be exciting to pursue in the near
future.
5.2. The depletion time and the dynamic SFE.
0 is a free parameter in our model, which encapsulates
the inefficiency of star formation via gas cycling. Gas cy-
cles in and out of the power-law portion of the PDF (i.e.
the portion of the cloud which is collapsing and thus
available for star formation) as a result of stellar feed-
back and accretion. The cycling of gas from dense col-
lapsing regions to diffuse expanding/supported regions
is, in part, why the depletion time of gas in galaxies is
long compared to other relevant galactic dynamical time
scales and can be encapsulated in the value of 0 and
α. The simple calculation of the dense gas fraction pre-
sented here is able to reproduce observed values of the
depletion time. The average depletion time for any given
region will depend on the properties of the feedback (Se-
menov et al. 2017). Future studies will constrain the
time dependency of α with stellar feedback which may
allow for the complete removal of 0 from this model. In
our current study, observed extragalactic depletion times
can be reproduced with no fudge factors with α = 2,
which may represent the integrated average value of the
power law slope over the cloud’s star forming lifetime.
The depletion time depends primarily on the amount of
self-gravitating gas and secondarily on the turbulent en-
vironment.
Observational and numerical estimates of the inte-
gral star-formation efficiency are in the range of  =
0.0001 − 0.3 (Evans et al. 2009; Lada et al. 2010; Os-
triker & Shetty 2011; Krumholz et al. 2012; Zamora-
Avile´s & Va´zquez-Semadeni 2014; Krumholz 2014b; Lee
et al. 2016; Semenov et al. 2017). Many of these simula-
tions and observations also suggest that  is not constant,
which is predicted by many lognormal theories of tur-
bulence regulated star formation. The model suggested
here and in Paper 1 (Burkhart 2018) is that  is dynamic
on the scales of GMCs, in agreement with data presented
in Lee et al. (2016). The dense gas fraction and the star
formation rate is inherently dynamic if calculated from
a density PDF whose power law slope changes over the
cloud evolution. Initially the density power law slope
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Fig. 8.— The PAWS M51 star formation rate surface density vs. the gas surface density divided by the free fall time. The data are
taken from Leroy et al. (2017) within a 30” beam. Different colors indicate the velocity dispersion of the individual regions in M51. A clear
gradient can be observed with larger rms velocities (larger sonic Mach number). The blue and red lines correspond to our analytic model.
The blue line corresponds to Ms = 20, b=0.3, and 0 = 1. The red line corresponds to Ms = 50, b=0.7. Both lines use α = 2. Larger
PDF width (controlled by higher Mach number/compression) corresponds to lower ff in agreement with the PAWS data. We do not need
to use the efficiency factor to match the observations with α = 2.
should shallow but once feedback becomes dynamically
important it can steepen again. The PDF transition
density from lognormal to power law presents a natu-
ral bisection between collapsing gas and supported gas.
Near the transition dense gas may be accelerated into
free-falling regions. Local accretion of gas will at some
point be in competition with stellar feedback processes
and ionization from more massive stars.
5.3. The Meaning of the Critical Density for Collapse
The post-shock density is an often invoked critical den-
sity which appears in several theories of star formation
(Krumholz & McKee 2005; Padoan & Nordlund 2011;
Federrath & Klessen 2012). The relationship between
the transition density and post shock density provides a
natural critical density motivated by the effects of turbu-
lence and gravity on the PDF. In the star formation rate
formulation here, we did not need to invoke any specified
critical density as the conditions of continuity and differ-
entiability of the lognromal plus power law PDF provide
an explicit definition of the transition density. The tran-
sitional density is related to the post-shock density in the
presence of a power law PDF distribution. In the limit
of α = 1.5, st(α = 1.5) = σ
2
s .
In general, for clouds on the verge of or just begin-
ning to collapse and form a power law tail (e.g. star-
less cores), a critical density residing in the lognormal
is appropriate. This was the approach taken in Paper
1 (Burkhart 2018) which calculated the SFR directly
over the lognormal from the critical density and then the
power law from the transitional density. However once
the collapse proceeds,clouds form a power law tail with
shallow slope within a free fall time or less (Burkhart
et al. 2015a). (Burkhart 2018) found that gravity domi-
nates the SFR/SFE when the power law is shallow. At
this evolutionary stage the SFR/SFE has little memory
of the initial cloud turbulence.
5.4. Effects of Magnetic Field on the Critical
Density-PDF Transition Density Relationship
We have thus far ignored the contribution of the mag-
netic field in the derivation of the relationship between
the critical density for collapse and the PDF transition
density. There are three primary parameters which can
encapsulate the importance of magnetic fields in the star
forming interstellar medium on scales of clouds and pre-
stellar cores (e.g. tens of parsecs to above disk scales):
• The Alfve´nic Mach number: the ratio of the turbu-
lent kinetic energy to the magnetic energy, which
is defined as MA =
V
VA
, where V is the turbulent
velocity and VA =
|B|√
4piρ
is the Alfve´n speed.
• The plasma β: the ratio of the thermal pressure
(Pthermal) to magnetic pressure (Pmag), which is
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Fig. 9.— ff vs. velocity dispersion for the PAWS M51 data (black diamonds) and for the analytic model Monte-Carlo data points
(colored points, colored coded by values of α). The data from the analytic model is able to reproduce the M51 CO star formation efficiencies
α = 1.9 − 2.2 and Ms = 20 − 50, assuming a sound speed of 0.3 km/s. We do not need to use a feedback efficiency fudge factor (i.e. we
set 0 = 1). If α = 1.5 the 0 values are constrained between 2-8% in order to match the PAWS data range.
defined as β = PthermalPmag . The Plasma β can also be
defined as β =
2M2A
M2s
• The mass-to-flux ratio: encompasses the impor-
tance of the magnetic energy to the gravitational
potential energy. This can be expressed in terms
of the ratio of the cloud mass to the magnetic crit-
ical mass, MΦ, which is the minimum mass that
can undergo gravitational collapse in a magneti-
cally dominated medium. In terms of the magnetic
flux, Φ ≡ BcA`20, the magnetic critical mass is
MΦ = cΦ
Φ
G1/2
, (35)
where cΦ ≈ 0.12 for a cloud with a flux-to-mass dis-
tribution corresponding to a uniform field thread-
ing a uniform spherical cloud (Mouschovias 1976).
For cΦ = 1/2pi, the ratio of the mass to the mag-
netic critical mass is
µΦ, 0 ≡ M0
MΦ
∝ MA
α
1/2
vir
(36)
Which relates the virial parameter (αvir) to the
Alfve´nic Mach number and magnetic critical mass.
The ratio µΦ,0 is sometimes written as the ratio of
the observed mass-to-flux ratio to the critical one,
(M/Φ)obs/(M/Φ)crit (e.g., (Troland & Crutcher
2008a; Crutcher et al. 2009; McKee & Krumholz
2010; Crutcher 2012)).
Gravitationally bound clouds that are both mag-
netized and turbulent have µΦ, 0 somewhat greater
than unity (i.e. are super-critical) since the gravity
has to overcome both the turbulent motions and
the magnetic field (McKee 1989; Lazarian et al.
2012). If the cloud is sub-critical, than the cloud
can not collapse under ideal MHD due to the
frozen-in condition and therefore a diffusion effect
must be invoked, e.g., ambipolar diffusion or re-
connection diffusion (Zweibel & Josafatsson 1983;
McKee et al. 2010; Lazarian et al. 2012).
Additional important effects of magnetic fields, such
as ion-neutral decoupling, depend on the above parame-
ters in addition to the ionization fraction (Balsara 2010;
Burkhart et al. 2015c).
The relationship between the PDF transition density
and the critical density derived in the previous sub-
section assumed that the cloud is super-critical, super-
Alfve´nic and has a β > 1. These conditions may be
sufficient for most local GMCs (Crutcher et al. 2009)
and would explain the excellent correspondence between
the post-shock density and the critical density in Figure
3. The correspondence between the post-shock density,
PDF transition density and critical density for collapse
has been reported in trans-Alfve´nic and super-Alfve´nic
simulations (Padoan & Nordlund 2011; Collins et al.
2012; Burkhart et al. 2015a; Mocz et al. 2017; Padoan
et al. 2017).
The magnetic field can slightly alter the relationship
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between the PDF width and sonic Mach number. For
example, Molina et al. (2012) derived a formula that in-
cluded the plasma beta: σs = ln(1+b
2M2s
β
1+β ). However
this relationship is valid only in the case of super-Alfve´nic
turbulence (Molina et al. 2012).
We point out that the critical density for collapse may
be controlled by very different physics for clouds which
are sub-critical and/or sub-Alfve´nic. This is because the
shock profiles can look very differently under the condi-
tions of strong magnetic fields. We study this effect on
the critical density for collapse further in a companion
paper (Mocz & Burhart 2018). Furthermore, for sub-
critical mass to flux values, magnetic reconnection diffu-
sion will set a different critical density and critical length
scale as discussed in Lazarian et al. (2012). As shown in
Mocz et al. (2017), the transition density/critical den-
sity is not the same as the post-shock density when the
medium is sub-critical and sub-Alfve´nic (Burkhart et al.
2018, in prep.).
Many atomic clouds (i.e. traced by the 21-cm emis-
sion line) have been found to be magnetically sub-
critical while molecular clouds are in a super-critical
state (Crutcher 2012). The transition from atomic to
molecular media may also involve a transition from sub-
to super-critical, which should involved a diffusion pro-
cess. Most (or perhaps all) molecular clouds are found
to be super-critical (Troland & Crutcher 2008b; Crutcher
et al. 2009; Crutcher 2012) and therefore we focused this
paper on the critical density and density PDF without
the inclusion of magnetic field effects (i.e. the super-
Alfve´nic/super-critical case). We will consider strong
magnetic fields, including collapse in the sub-critical and
sub-Alfve´nic, limits in a future work.
5.5. Additional Implications
Our results also imply that molecular hydrogen is not
required for star formation, but rather, at low redshift,
exists at the density which becomes unable to gravita-
tional collapse. Atomic gas transitions to molecular gas
at lower densities than the critical density for collapse.
This is naturally explained by 21-cm observations in the
local universe where atomic gas demonstrates lognormal
PDFs, high virial parameters and statistics of supersonic
turbulence without signs of collapse (Burkhart et al.
2009, 2010; Zhang et al. 2012; Burkhart et al. 2015b; Pin-
gel et al. 2013; Maier et al. 2016, 2017; Nestingen-Palm
et al. 2017; Bialy et al. 2017; Pingel et al. 2018). Further-
more, dwarf galaxies with essentially no star formation
and no molecular gas are observed in the extreme envi-
ronment of galaxy clusters (Taylor et al. 2012; Janowiecki
et al. 2015; Cannon et al. 2015; Burkhart & Loeb 2016;
Bellazzini et al. 2018) again confirming that HI is un-
bound or pressure bound. Our results suggest that even
a large fraction of the molecular ISM is not collapsing,
e.g. a large fraction of the molecular gas (i.e. Figure
6 bottom panel) is unbound with a lognormal density
PDF and has a high virial parameter (Chen et al. 2017).
If the transitional density for H2 formation is shifted to
higher densities (as is the case for extreme low metalic-
ity systems), star formation could proceed in atomic gas
(Krumholz 2012) and atomic gas could develop a power
law PDF. The atomic gas phase would be able to reach
higher density before self-shielding to form H2.
Finally, the relationship between the PDF transition
density and the post-shock density provides a natural ex-
planation for why star formation proceeds in filamentary
substructures. Many filament models suggest the link be-
tween self-gravitating supersonic turbulence and filamen-
tary structure in star formation. In the absence of self-
gravity, the post-shock density and sonic scale provide a
typical filament scale and density (Federrath 2015). If
the additional condition of λJ ≤ λs is met these post-
shock filaments can become self-gravitating and produce
a density profile ρ ∝ r−2 (Shu 1977).
6. CONCLUSIONS
We use the analytic model of Burkhart (2018) to calcu-
late the star formation efficiency and dense gas fraction in
the presence of self-gravitating super- or trans-Alfve´nic
turbulence using a piecewise lognormal and power law
density PDF. In summary we find that:
• Once star formation sets in for densities above a
critical density for collapse, the density PDF builds
a power law tail with slope of α = 1.5 in less than
a cloud free fall time. Feedback may steepen this
value at later times.
• For active star forming clouds with super- trans-
Alfve´nic magnetic field strengths, the PDF tran-
sition density between lognormal and power law
forms is a mathematically motivated critical den-
sity and can be physically related to the density
where the jeans length is comparable to the sonic
length, i.e. the post-shock critical density for col-
lapse.
• When the PDF transition density from power law
to lognormal forms is taken as the critical density
for collapse, the star formation efficiency can be
calculated from the dense self-gravitating gas fac-
tion represented as the fraction of gas in the power
law portion of the PDF.
• We test the analytic predictions for the transi-
tion density and dense gas fraction against AREPO
moving mesh gravoturbulent simulations and find
good agreement.
• The calculation for the dense self-gravitating gas
faction presented here yields a star formation effi-
ciency that is independent of a parameterized crit-
ical density, since the transition density depends
only on the properties of the PDF, such as the
width and slope of the power law.
• Our results suggest that the dense gas fraction,
depletion time, and the overall SFE for a self-
gravitating cloud with αvir ≈ 1 should be slightly
anti-correlated with sonic Mach number.
• PAWS observations show a SFE and depletion time
which is slight anti-correlated with velocity disper-
sion (a proxy for the sonic Mach number), in agree-
ment with the theory here.
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